Canonical forms of self-adjoint boundary conditions are well known in the second order (Sturm-Liouville) case for both regular and singular problems. These are critical for the theoretical investigation of the eigenvalues as well as their numerical computation. Recently canonical forms have been found for fourth order regular problems. These are much more complicated than the second order ones. Here we find canonical forms for fourth order singular problems with one or both endpoints of the domain interval singular and with arbitrary deficiency index d. In the regular fourth order case d = 4, in the singular case d can assume any value between 0 and 4 and, moreover, depends on the nature of the singularities at the two endpoints. These different values of d and their dependence on the endpoints introduces serious additional complications.
Introduction
The self-adjoint boundary conditions for regular Sturm-Liouville problems (SLPs) −(py ) + qy = λwy on J = (a, b), −∞ a < b ∞, (1.4)
The conditions (1.2), (1.4) are classified into two mutually exclusive classes: separated and coupled. And these classes have the following well known [12] 
respectively. These canonical forms are of critical importance in the theoretical investigations of the dependence of the eigenvalues and eigenfunctions on the boundary conditions and for their numerical computation [1] . These studies, many of them surprisingly recent given the long history and vast literature of SturmLiouville problems, have led to a comprehensive understanding of this dependence and to a robust code SLEIGN2 [1] for their numerical computation. For details and other basic information as well as an extensive list of references, see the book [12] .
Here M n (F) denotes the n × n matrices over F which, in this paper, is either the complex numbers C or the reals R; A * is the complex conjugate of A, and A T is its transpose. Given A, B ∈ M n (F) the notation (A : B) is used to denote the n × 2n matrix whose first n columns are the columns of A and whose last n columns are those of B. By L(J, R) we denote the Lebesgue integrable real valued function on J, and L loc (J, R) denotes the real valued function which are Lebesgue integrable on all compact subsets of J.
For singular SLPs the conditions on the coefficients of Eq. (1.1) are weakened to 1 p , q, w ∈ L loc (J, R), p > 0, w > 0 a.e. on J.
(1.7)
In the singular case solutions y, and their quasi-derivaties (py ) do not exist, in general, at the endpoints a, b. If both endpoints are in the limit-circle (LC) case then the boundary conditions are specified in terms of a 'boundary condition basis' u, v : is LC then for any λ real or complex all solutions of (1.1) are in L 2 ((a, c), w) for any c ∈ (a, b). If a is LC, a boundary condition basis u a , v a can be constructed from linearly independent solutions of (1.1) on (a, c) for any fixed real λ = λ a . Similar remarks apply at b and a boundary condition basis u, v on (a, b) can then be constructed by 'patching' u a , v a and u b , v b to construct u, v using the Naimark Patching Lemma. See [12] for details.
What are the singular versions of the regular canonical forms (1.5), (1.6)? First note that there are more cases here depending on the LC and LP classifications of the endpoints.
If a is limit-circle (LC) and b is LP then all self-adjoint realizations of (1.1) are characterized by (1.9) where [·, ·] is the Lagrange bracket. When a is regular this reduces to
(1.10)
Here the roles of a and b can be reversed, but then we replace α ∈ [0, π) with β ∈ (0, π]. For both endpoints LC the canonical form of the separated boundary condition is:
(1.11)
When both endpoints are LC the coupled canonical form (1.6) becomes
(1.12)
This brief review of the self-adjoint boundary conditions and their canonical forms for the second order regular and singular Sturm-Liouville case is given here for the convenience of the reader and to 'set the stage' for our presentation of the canonical forms for the singular fourth order case in this paper. The regular fourth order case is given in [7] . This paper is a follow up of [7] and we will use some results and notations from [7] . For a recent study of self-adjoint SLPs when the weight function w is allowed to change sign see [11] .
For regular SLP there are two mutually exclusive classes of self-adjoint boundary conditions: separated and coupled with canonical forms (1.5), (1.6), respectively. Note that in the singular case there are additional difficulties; these are due primarily to two new features: (i) the 'boundary condition bases u, v' and (ii) the LC, LP classification of the endpoints. The deficiency index d has the values 0, 1, 2; in the regular case and when each endpoint is either regular or LC it is 2, when one endpoint is LP and the other regular or LC it is 1 and when both endpoints are LP it is 0 and there are no boundary conditions.
For In the second order case the canonical forms, (1.5) and (1.6) and their singular versions, have played a critical role in the theoretical investigations of the properties of the eigenvalues and eigenfunctions of self-adjoint Sturm-Liouville problems [12] and of their numerical computation [1] . For example due to some surprisingly recent results given the long history and voluminous literature of Sturm-Liouville problems, the continuous (and discontinuous) dependence of the eigenvalues on the boundary conditions is now completely understood, see [12] and its references. Also SLEIGN2, the only general purpose code which can compute the eigenvalues of self-adjoint regular and singular problems with separated or coupled boundary conditions depends on the canonical forms (1.5), (1.6), (1.9), (1.10), (1.12) given above.
We hope that, as in the second order case, these fourth order canonical forms will lead to a better understanding of the properties of eigenvalues, particularly their dependence on the boundary conditions, and to their numerical computation.
The organization of this paper is as follows: The Hao, Sun, Wang and Zettl characterization of all fourth order regular and singular, self-adjoint operators is given in Section 2, Sections 3 and 4 discuss the cases of equal and unequal deficiency indices, respectively, at the endpoints and examples are constructed in Section 5.
These examples illustrate, among other things, the existence of nonreal self-adjoint boundary conditions for each of the three classifications. In the case of separated conditions such examples have previously been found by Everitt and Markus [2] using methods of symplectic algebra and geometry and by Wang et al. [10] by a different method.
Everitt and Markus, in the Preface of their monograph [2] , state "We provide an affirmative answer …to a long-standing open question concerning the existence of real differential expressions of even order 4, for which there are non-real differential operators specified by strictly separated boundary conditions …This is somewhat surprising because it is well known that for order n = 2 strictly separated boundary conditions can produce only real operators . . .". Using methods of symplectic algebra and geometry these authors then construct such examples. For separated conditions such examples have also been found Wang et al. [10] using a different method. The examples of Section 5 illustrate the existence of such operators for each of the three classifications.
Self-adjoint domains
In this section we give the Hao et al. [5] characterization of all self-adjoint domains of even order differential expressions for the fourth order case. This depends on LC solutions constructed by Wang et al. [9] . Our construction of canonical forms is based on this characterization just as in the second order case the singular canonical forms (1.9), (1.10), (1.12) are based on the singular characterizations of the self-adjoint domains (1.8), (1.4). Everitt and Markus [2] , using methods of symplectic algebra and geometry, characterize self-adjoint domains of symmetric differential operators of even and odd order differential expressions in terms of Lagrangian subspaces of symplectic spaces. The characterization in [5] has been used to obtain information about the discrete and nondiscrete spectrum of these operators [6] . For other recent related papers see [3, 4] . For a study of self-adjoint Hamiltonian systems, see [8] .
In [7] we found canonical forms for fourth order regular self-adjoint boundary conditions. This paper is a follow up of [7] and we use some notation and results from [7] .
Here we study fourth order singular self-adjoint boundary value problems for the equation
with coefficients satisfying:
Recall that the Eq. (2.1) is called regular (even when one or both endpoints are infinite) if in (2.2)
For smooth coefficients Eq. (2.1) can be written in the more familiar form:
however we make no smoothness assumptions on the coefficients here.
In this paper we study the case when both endpoints a and b are singular but our results reduce to the case when one or both endpoints are regular.
Remark 1.
In this remark we introduce the next theorem which is our starting point for this paper; all of our canonical forms are derived from this theorem. The characterization of all self-adjoint realization of Eq. (c, b) as constructed in Theorem 3 of [9] .
Then a linear submanifold D(S) of D max is the domain of a self-adjoint extension S of S min if and only if there exist a complex d × m a matrix A and a complex d × m b matrix B
such that the following three conditions hold:
. . .
where E j is the symplectic matrix of order j given by when both endpoints are singular is similar, for details see [5] .
Next we make some remarks in connection with Theorem 1.
Remark 2. Given matrices (A, B)
satisfying (1), (2) 
Remark 4. We comment on the hypothesis that for some λ = λ a the Eq. (2.1) has d a linearly independent solutions on (a, c) which lie in H a . For λ ∈ R let r a (λ) denote the number of linearly independent solutions of (2.1) on (a, c) which lie in H a . It is known [9] that r a (λ) d a for all λ ∈ R and if r a (λ) < d a for any real λ then this λ is in the essential spectrum of every self-adjoint realization of (2.1) in H a and of every self-adjoint realization of (2.1) in H. Therefore if there is no λ a which satisfies the hypotheses of Theorem 1 then the essential spectrum of every self-adjoint realization of (2.1) in H covers the whole real line. In this case every eigenvalue, if there is one, is embedded in the essential spectrum and little is known about the dependence of eigenvalues on the boundary conditions. Similar remarks apply to the endpoint b. 
Equal deficiency indices
In Theorem 1 for fixed d a , d b , m a , m b and u j , j = 1, . . . , m a , v j , j = 1, . . . , m 
Theorem 2. Let the hypotheses and notation of Theorem 1 hold and assume that d a
= d b = 3. Then d = 2, m a = 2 = m b . Let u j , j = 1,
be LC solutions on (a, c) and let v j , j = 1, be LC solutions on (c, b) as constructed in Theorem 3 of [9]. Then there are separated and coupled but no mixed self-adjoint conditions.
(1) The canonical form of the separated conditions is: 
Proof. This follows from the second order case because conditions (1) and (2) And all of the other canonical forms can be obtained from the "fundamental" canonical form with elementary matrix transformations.
These canonical forms are equivalent to those given in Theorem 2.
Theorem 3. For d = 4 we have d a = d b = 4 and the canonical forms are the same as in the regular case
given in [7] .
Proof. This is because the conditions on the matrices A, B are the same.
Remark 9.
In [7] (where d = 4), the "fundamental" canonical form is shown to have the following representation: 
and that there are
(1) 4 types of coupled conditions; (2) 16 types of separated conditions; (3) 16 types of mixed conditions; (4) and that these 36 types of canonical forms are identified in detail in [7] .
In addition it is shown in [7] that all of the other canonical forms can be obtained from (3.3) with elementary matrix transformations. 
Unequal deficiency indices
In this section we analyze the canonical forms when (1) and (2) , where β = a 14 a 11 − a 13 a 12 + a 12 a 13 − a 11 a 14 . But this is a contradiction.
Lemma 2. Let the hypotheses and notation of Theorem 1 hold. Then if d a = 4 and d b = 3, by a transformation of rows, the first two rows of A can be transformed to the following four cases:
(1) 
Proof. 
Note that in this case, there are only two classes of canonical forms of the self-adjoint boundary conditions: mixed and strictly separated. Since rank(A 1 : A 2 ) = 2, the rank of A 2 may be 2, 1 or 0. Similarly, the matrix B can be transformed into the following two cases:
For case (1) of B, by a computation we obtain
, and for case (2) of B, by a computation we obtain
Combing with AE 4 A * = BE 2 B * , we get 
, it follows from a computation that
but this contradicts (4.3).
If (A 1 : A 2 ) is in case (6) of (A 1 : A 2 ), it follows from a computation that
Therefore cases (5), (6) Note that all of the mixed canonical forms (4.5)-(4.11) can be obtained from the "fundamental"
canonical form for mixed boundary conditions (4.4) when a 31 , a 32 are not both zero.
Next we prove that the form (4.9) can be obtained from (4.4) , and the proof of each of the other six cases is similar.
Notice (1) A direct computation shows that the form (4.14) satisfies conditions (1), (2) By elementary matrix operations described in Remark 10, similar to the proof of Theorem 4, we can prove that the cases (2)-(4) can be obtained from (4.14) using transformations of rows. 
Examples
In this section we give three examples to illustrate that, as mentioned in the Introduction, there exist self-adjoint operators determined by nonreal boundary conditions for each of the classifications: separated, coupled and mixed. Such examples are given in [7] for the regular case when d = 4. Here we give them for singular problems when d < 4. 
